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Post-buckling analysis of Light Gauge Members Using Finite Strips
By Jim Rhodes!

SUMMARY
The development of an analysis technique for the behaviour of light gauge structural members is
outlined. The analysis described is a form of finite strip approach in which the out-of-plane
displacements are considered using plate theory and the in-plane displacements are considered
using beam theory. Several different strip formulations are described, and the relative
applicability of each formulation to buckling and post-buckling analysis is discussed. With
regard to post-buckling analysis the relatively simple "lower bound approach" is discussed and
compared to more complex analysis methods.

1. INTRODUCTION

The finite strip method has been used for the analysis of buckling of thin-walled members for
quite a long time now. The formulation of this approach is generally credited to Cheung (1),
although Wittrick (2), (3) had used a similar type of approach to deal with buckling and
vibration problems. Over the years a large number of researchers have used and extended the
applicability of this approach, e.g. (4)-(6). In considering the finite strip method, it is often
stated that this approach requires substantially less computing power than the parent finite
element method, and this is true, but becoming less important every year as computing
capability increases. Another advantage which could be claimed, however, is that the processing
of the output from the finite strip analysis is generally much simpler than from the finite element
output, and it may well be easier in many cases to examine the findings of the finite strip
analysis for comparison with alternative approaches.
In this paper a particular finite strip type approach is briefly outlined, with some attention being
focussed on several alternative strip formulations and two different post-buckling analysis
methods. The approach is not new, having been first developed for teaching Masters students in
the mid 1970s, but there have been several extensions carried out over the years, and much of
the post-buckling analysis material incorporated has not been widely distributed. The basic
buckling analysis for one particular strip formulation has been previously published at the 10th
International Specialty Conference (7), and as the general approach is similar for different strip
formulations it may be considered that only a very brief description of the basic analytical
approach is necessary.
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2. BRIEF DESCRIPTION OF THE ANALYTICAL APPROACH
The thin-walled member under examination may be considered as a series of thin plates joined
along their edges as shown in Figure I. Figure I(b) shows a typical Finite Strip layout in which
several strips, denoted by the dotted lines, are used in each plate element. Figure I(a) shows a
somewhat more ambitious finite strip layout in which one strip is used for each plate element. In
such a case then either lower accuracy of solution results, or greater complexity of strip is
required. When the member is acted upon by some external loading the walls will deform. The
deformations of the wall consist of in-plane and out-of-plane deformations. If we consider that
the member undergoes buckling with no change in the applied load during buckling then the
variation of strain energy due to in-plane and out-of-plane deformations can be evaluated, as can
the potential lost by the applied loading, in terms of the deformation magnitudes. (Precisely
what deformation magnitudes are considered depends upon the particular strip formulation.) By
applying the Principle of Minimum Potential Energy the relative magnitudes of the different
deformations can be evaluated together with the minimum buckling condition.

(a)

(b)

Figure 1. Finite strip layouts on prismatic member
In the approach of this paper the in-plane displacements are analysed on the basis of simple
beam theory which specifies a single displacement value for each element, while the out-ofplane displacements are based on plate theory, with a larger array of variables. For the
examination of buckling of members with simply supported ends a sine wave describes exactly
the buckling shape for in-plane and out-of-plane effects along a prismatic member with
unvarying axial load and moment.. In this paper for simplicity the sine wave variation along the
member will be considered exclusively, although it should be mentioned that relatively simple
trigonometric functions can also be used to give high accuracy for other standard boundary
conditions (8)
The member under examination is considered to be under some combination of axial force and
bending. In some cases the variation of load around the section is known, e.g. uniformly
compressed members, or can easily be determined e:g. beams under simple beam theory, while
for other cases the dependency of the stress variation around the cross section requires that a
separate first order analysis be carried out to establish the loading situation.
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At the point of buckling the analysis assumes that the in-plane deformations due to buckling can
be written as:()
vx,y

•

J(X

(1)

=VSlll-

a

where a is the strip length, or the buckle half wavelength.
The out-of-plane displacements of a strip are written in different forms for different strips. The
four different types of strip used by the writer are given in the next section.

3. STRIP FORMULATIONS.
3.1 Linear strips.

!..-..j

!v!

~+-------------------~

Cross section through strip centre
showing the strip displacements
Figure 2. Finite strip layout.
With this type of strip the displacements vary linearly in the y-direction
i.e.
(2)
where WI and 8 1 are the displacement and slope at y=O, b is the strip width and 17 = y / b . The
boundary conditions for in plane and out of plane displacements at the junction of adjacent strips
are that the slopes of each strip in the y direction are equal and the displacements of each
adjacent edge in the x and y directions are equal. These last two are generally written in terms of
the in-plane and out of plane displacements, v and w.
Examination of Equation (2) suggests that since the slope does not vary across the strip, and
from compatibility thus sets also the slope for the next, and subsequent strips, then the two
variables, together with a single in-plane variable VI completely describe the deformation system
within the member. This seems, at first thought, rather strange and, at best, unhelpful.
Regardless of how many strips, or indeed how many plate elements, there are in the member, a
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total of three unknowns, or three degrees of freedom results. This is in essence the classical
situation regarding bending and torsion of thin-walled beams in the absence of any cross
sectional distortion, and the approach here gives an alternative method of deriving the relevant
flexural and torsional- flexural buckling loads, or if desired any of the classical cross sectional
properties.
Apart from this, these strips can be used in conjunction with any of the other strip types to cut
down solution time, although this is not a great problem nowadays.

3.2 Cubic strips
With this type of strip the displacements follow a cubic law around the cross section
11(x,y) = { w1[1- 31/ +21l] + bf1[1] -

+ w2[37f

27f + 1/J

- 21]3J + bB2 [1/ -7fJ

(3)

} sin

JrX

a

where W2 and 92 are the displacement and slope at y = b.
In this case the number of unknowns, or degrees of freedom given by n strips is 2n+3. This is
probably by far the most widely used strip at the present time. It is not particularly accurate for
examination of local buckling when used as a single strip per plate element, but only requires
two or three strips per plate to give reasonable accuracy under the worst conditions. Perhaps the
main drawback to this formulation is that it does not lend itself easily to the rigorous postbuckling analysis procedure preferred by the writer, which requires satisfaction of stress
function boundary conditions which are substantially different for adjacent strips aligned at the
same angle than for adjacent strips which have substantial variation of angle of orientation.

3.3 Quintic Strips
The quintic strip utilises polynomial functions of the fifth degree to specify the cross-strip out
of plane deflections. As the slopes and displacement on the strip edges are sufficient to satisfy
all the necessary boundary conditions the two additional quantities whose magnitudes are
specified by the strip displacement functions are arbitrary. In the functions shown below, the
cross-strip curvature at edges I and 2 are selected, but these do not require to satisfy continuity
or any other consideration when comparing adjacent strips. The displacements can be written as
follows:w(X,y) = {w1[1-I01]3 +151]4- 61]5J+bB1[1]-61]3 +81]4 -31]5J

+O.5b 2 K 1 [ 1]2 - 31]3 + 31]4 _1]5J +w2[101]3 -151]4 + 61]5J
+bB2 [ -41]3 + 71]4 - 31]5J + O.5b 2 K2 [1]3 - 21]4 + 1]5J } sin JrX
a

(4)
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where KI and K2 are the curvatures across the strip at y=O and y=b respectively.
These strips are perfectly suitable for use in evaluating buckling loads employing a single strip
per plate. They also permit accurate assessments of post-buckling behaviour at loads close to
buckling. The one area in which there is something left to be desired is the post-buckling
behaviour predicted far beyond buckling. This again may well be dependant upon the analysis
method used, but the use of these strips with the perturbation method produced less than perfect
predictions for the far post-buckling range. To improve upon this, septic strips were developed.

3.3 Septic Strips
Here two further arbitrary quantities are required and third derivatives ofw with respect to y at
both edges were taken as the arbitrary coefficients, simply to extend the approach already used
for quintic strips. The septic strip displacements are:w(x,y) =

{WI [1- 357]4 +841/ - 707]6 + 207]7J + bt1 [7] - 207]4 + 451/ - 361'/ + 107]7J
+O.WKj [ r/-107]4 + 201/ -157]6 + 47]7J +

:1 [rT -

b3

47]4 + 61/ - 47]6 + 7]7J
(5)

where XI and X2 are the third derivatives ofw with respect to y at y-=O and y=b respectively.

4. BUCKLING RESULTS FOR DIFFERENT STRIP FORMULATIONS.
Some limited buckling analysis results are now shown for illustration of the prediction capacity
of the different trip formulations. In terms of buckling analysis the linear strip by itself is
incapable of predicting local buckling, and can only be used for evaluating overall buckling
behaviour.
Table 1 shows some typical buckling results for simple plate and section cases. In all cases the
non-dimensional buckling coefficient, K is quoted. This defines the buckling stress according to
the equation
(6)
where (J"CR is the buckling stress, b and t are the plate width and thickness and v is Poisson's
ratio. In the case of sections the buckling coefficient is related in terms of the plate element
labelled "1"
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For Cubic strips, results for different numbers of strips per element are shown, while for quintic
and septic strips a single strip per plate element is used in all cases. As may be observed both
Quintic and Septic strip give extremely similar results, and these are in turn very similar to the
results obtained for the largest number of Cubic strips shown in each case. These results are, in
fact, more or less exact for the problems examined, and the use of Quintic or Septic strips is
likely to produce results within 1% ofthe exact answer for any problem of the type examined.
For Cubic strips the accuracy of a single strip varies from case to case, but in general two strips
per element are required to ensure accuracy better than 5%, and four strips per element to ensure
accuracy better than 1%.

Member Description

Cubic Strips

Quintic Strip

Septic Strip

Square Plate simply Supported on
all edges subj ected to uniform
compression

1 Strip K=4.2583
2 Strips K=4.0086
3 Strips K=4.0017
4 Strips K=4.0005
8 Strips K=4.0000

K=4.0007

K=4.0000

Plate fixed on unloaded edges and
uniformly compressed, with buckle
half wavelength varied to find
minimum buckling coefficient

1 Strip K =00
2 Strips K = 7.226
4 Strips K = 6.991
8 Strips K = 6.972
16 Strips K= 6.971

K=6.981

K=6.971

Plate with unloaded edges simply
supported subject to in-plane
bending with buckle half
wavelength varied to find minimum
buckling coefficient.

1 Strip K = 27.386
2 Strips K = 25.444
4 Strips K= 23.964
8 Strips K= 23.886
16 StripsK= 23.881

K=24.083

K = 23.891

Plain Channel50xl00xl, uniformly
compressed - Min K,

1 strip/element

K,2.93

K, =2.91

K, =2.91

2 strips/element

K,=2.91

4 strips/element

K,=2.91

1 strip/element

K, =7.08

K,=5.44

K, = 5.44

2 strips/element

K,=5.51

4 strips/element

K,=5.44

8 strips/element

K, = 5.44

y

Lipped channel
20x50x1OOxl, uniform
compression - Min K,

]-1

Table 1. Buckling coefficients for plates and sections for different strip formulations

I
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4. POST -BUCKLING BEHAVIOUR
It is well known that after local buckling, plate elements of sections can often sustain very
substantial increases in load, and this must be taken into account and used in design. Cold
formed steel design throughout the world uses empirically based effective width approaches to a
large extent to take local buckling into account. While this is perfectly satisfactory for many
purposes, it can also be useful to be able to examine post-buckling behaviour from the basis of
more rigorous analysis. There are various ways of going about such analysis, and using this with
the finite strip method. Here two alternative methods, the lower bound method and the semienergy method will be briefly discussed.

4.1. The lower bound method
In most design codes, the AISI effective width formulation is used. This was originally devised
by Winter (9) who modified the first effective width equation obtained by von Karman et. al.
(10) to take account of imperfections etc. Just a few years after (10) was published, Cox (11)
produced a method of analysis of plate post-buckling behaviour which was based upon the fact
that the average compressive strain in a buckled strip ofWi ate is reduced by the elongation of the
strip caused by the out-of-plane displacements. Converting the average strain at any point across
a plate into an average stress at that point provided a simple means of analysing the stress
variation in a buckled plate if the deflected form and deflection magnitudes are known. By
assuming a deflected form and employing the Principle of Minimum potential Energy to relate
the in-plane and out-of-plane displacement magnitudes, Cox obtained predictions of plate postbuckling behaviour. The method is approximate in that average stresses and strains are used, and
it is assumed that these do not vary along the plate. Such assumptions violate compatibility, and
prevent the method from giving an upper bound on the plate axial stiffness. Indeed this method
has since been termed the "lower bound method" although it does not constitute any type of a
bound as some aspects of the solution can increase the stiffuess while others can decrease the
stiffness after buckling. In any case this method can be used in conjunction with the finite strip
method to produce relatively simple post-buckling solutions. As averaged stresses and strains
are used no problems arise due to boundary conditions at strip junctions and the solution can
proceed without difficulty. Ifwe consider that the membrane strain along a member is given by
the expression:-

e
x

=

au
ax

+

.!.[awJ2 + .!.[~J2
2 ax
2 ax

(7)

and the buckled form for each strip is
w = 0 1'; (y, ) sin ;r x
a

v=

s::

.;rx

u V,SID-

a

(8)
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where 8 specifies the magnitude of the displacements, then the average strain at any point on a
member nominally compressed to a strain eo may obtained by substituting for wand v and
integrating along a buckle half wavelength to get

[2a J 0'
2

U

-;; = Eo -

Jr

2

(1';

2

+ Vi

2

)

(9)

Since we are using averaged values the membrane stress due to the combination of loading, inplane displacements and out of plane displacements may be determined simply by multiplying
the average strain by E. The total potential energy of the system may then be evaluated from:-

(10)

The term on the extreme right of this equation, obtained from the sum of VBo and VBi, is the
strain energy of in-plane and out-of- plane bending, expressed as a function "F" of Y and v.
Applying the Principle of Minimum Potential Energy by differentiating V with respect to 8 and
equating to zero gives an expression for the displacement magnitude 8 after some
rearrangement. This is:-

(11)

Note that substituting for 82 into Equation (9) and multiplying by E gives an expression for the
average membrane stress along a buckle half wavelength. Differentiating this expression with
respect to eo gives the following expression for the rate of change of stress in the post-buckling
range:-

(12)
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Integrating the above expression throughout the cross section of the member gives the rate of
change of axial load with respect to eo after buckling. This can be written as the tangent axial
stiffness, E', or the tangent post-buckling effective cross sectional area, A' as follows:-

E'

A'

E

A

1-

t[11 r;(Y;2 +vndy,J
A

f l' (Y;2 + v/ rdy,

(13)

I,

;=1

where E is the modulus of elasticity, E' is the apparent value after buckling (to demonstrate the
reduction in axial stiffness), Yj and Vj are the out-of-plane and in-plane displacements
respectively, tj the strip thickness, A the cross sectional area of the member, A* the tangent
effective area, and N 'is the total number of strips.
The use of expressions such as this is one method of examining the post-buckling behaviour of
thin-walled members. This can be generalised by considering the effects of combined axial force
and bending, and deriving expressions of a similar form as Equation (13) for tangent flexural
rigidity for bending about different axes, for the post-buckling neutral axes of bending, and
indeed for post-buckling equivalents of any of the standard cross sectional properties.
Expressions such as (13) are based on the premise that the displacements change in magnitude,
but not in shape after buckling. This limitation can be overcome by continuing the analysis deep
into the post-buckling range and allowing the shape to change as buckling progresses. One
method of doing this, used by the author mainly in conjunction with the septic strip approach, is
the perturbation method introduced for plates by Stein (12) and later extended by Walker (13)
and others. It is also worthy of mention that simple rules are available to take imperfections into
account in the post-buckling analyses.

4.2 The semi-energy method

A more rigorous analysis of the post-buckling behaviour of thin-walled members can be
obtained using the semi-energy method. This follows a generally similar approach to the lower
bound method, except for the fact that the relationships between in-plane deformations and out
of plane displacements are evaluated on the basis of exact solution of von-Karman's
compatibility equation together with the relevant boundary conditions. This ensures that if the
deflected form of the member is accurately described then the stress variation will also be
accurately portrayed and the resulting analysis will give a close upper bound to the true postbuckling stiffness.
For strips which meet at an angle it has been shown (14) that the relevant boundary conditions
for in plane effects are:- Equality of shear stresses'rxyand longitudinal direct stresses (Jx in
adjacent elements at the boundaries, together with zero normal membrane stress, i.e.

(Jy

= O.
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From the semi-energy analysis equations for the member post-buckling stiffness etc.
corresponding to (13) can be derived. The post-buckling tangent axial stiffness, for example is:-

(14)

where \jfI is a stress function which satisfies the boundary conditions and from which the
resulting deformations satisfy the compatibility requirements.

4.3 Some typical Post-Buckling Analysis Results
Table 2 shows the initial reduction in post-buckling stiffuess for simply supported plate
elements of various buckle half wavelength to plate width ratios. The ratios examined cover the
practical variation completely. The results of Cox (15), are the same as those of a number of
other investigators, and can be looked on as "exact" values of the initial post-buckling stiffness.

Buckle length

Cubic (Lower
bound)

alb

Quintic

Septic

Cox (12)

E*/E

E*/E

E*/E

E*/E
0.8

0.333

0.375

0.376

0.376

0.9

0.333

0.390

0.392

0.392

1.0

0.333

0.407

0.409

0.408

l.l

0.333

0.425

0.427

0.426

1.2

0.333

0.442

0.444

0.443

Table 2. Initial post-buckling stiffnesses of simply supported plates
From the table it may be seen that the cubic strip employing the lower bound method, gives a
reduction in axial stiffness to one third of the pre-buckling stiffness, independently of the buckle
length. This is the result of using averaged values, and is actually the same as the result given by
the other methods if the half wavelength is made very small. The quintic and septic strip both
give very similar answers, very close to the exact values. The same high degree of accuracy
results for any plate problems examined by the quintic or septic strips. In the case of the cubic
strips using the lower bound method the simply supported plate gives probably the poorest
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correlation between the lower bound method and more rigorous methods which arises in
common plate problems. For other boundary conditions the disparity between lower bound and
rigorous analysis is generally less than found for the simply supported plate.
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Figure 3. Buckling and Postbuckling behaviour of a Hat Section Strut
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To compare the different methods further, and at the same time to observe the type of structural
behaviour suggested by these methods, Figure 3 shows results of the analysis of a hat section
strut subjected to pure compression. The cubic strips used in the analysis number four per plate
element, as compared with I per element for the quintic strips. Results from the cubic strips are
shown by the solid lines and results for the quintic strips are shown by the lines containing
circular markers, although these lines lie directly on the cubic lines also. It was not felt that there
was any real point in showing the septic strip results as these are indistinguishable from the
quintic. There are three different types of buckling demonstrated by the hat section. In region
(1), the shortest struts, buckling is purely local, while in the central region (2) distortional
buckling occurred, with the lips displacing in their own planes and for the longest struts
exan1ined, region (3), torsional-flexural buckling occurred.
In studying the change in axial stiffness caused by buckling it may be seen that the lower bound
approach, incorporated into the cubic function analysis, reduces the more rigorously derived
results noticeably in region (1), local buckling, less so in region (2), distortional buckling, and
has very little effect in region (3), torsional-flexural buckling. This is mainly due to that fact that
the periodic variation in stress along a member which introduces the stiffening effect here is
driven by local buckling, with out of plane displacements predominant, and its effect is reduced
when in-plane displacements become important.

Some other points which are worthy of consideration are:The graph shows that the axial stiffness of the member does not tend towards zero at the point of
buckling, and if the material remained elastic then there is the possibility of fairly substantial
post-buckling reserves even if the buckling is not simple local buckling. This is to some extent
at odds with the current approaches to the other buckling modes, and raises questions as to
whether, for example, Eurocode 3:part L3 should specifY column curve analysis of lips, when
elastic lip post-buckling behaviour is possible. Probably a reason why the post-buckling reserves
which are suggested here may not be relied upon is that any significant in-plane bending
deformations of lips etc. introduce large stresses, thus inducing yield closely after buckling.
It can be observed that the post buckling bending stiffness about x-x, denoted by Ixx reduces
very substantially in this case for the distortional and torsional-flexural modes. The reduced
bending stiffness is used in a number of column interaction analysis methods.
To follow comparison of the lower bound and semi-energy approach a little further, the
behaviour of a flat member with a triangular central stiffener is examined in Figure 4. Here three
different modes of buckling occur, local buckling of the outer elements in a symmetrical fashion
for small buckle half wavelengths, torsional-flexural buckling for medium half wavelengths and
purely flexural buckling for long members. Here again the quintic strip results for one strip per
plate element are shown by the curves with small circular markers and the cubic strip results, for
two strips per plate element, are shown as solid lines. The quintic and cubic results are identical,
both for buckling coefficient and post-buckling stiffness
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It should be mentioned here that purely flexural buckling induces complete loss of axial stiffness
after buckling. For all other types of bifurcation type buckling, elastic flat plate structures retain
some post-buckling load capacity so long as full elasticity remains.
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Figure 4. Buckling stress and post-buckling stiffness for plate with central stiffener
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5. DISCUSSION AND CONCLUSIONS
The finite strip approach has been around for a number of years now, and is ideally suited to the
examination of a wealth of problems in the cold-formed steel, or the more general thin-walled
structures, fields. The computational requirements are easily met by the average pc on sale
today, and many of the computational and analytical difficulties faced at the moment by
designers could be easily overcome by the introduction of user friendly finite strip computer
packages.
The latest design codes are introducing rules which deal more accurately than ever before with
difficult problems such as edge and intermediate stiffener analysis, but at the expense of
substantial effort by the designer to learn and apply the complex rules. Much of this effort could
be overcome by the application of design programs which utilise fully the analytical powers of
finite strip type programs in conjunction with the relevant design procedures.
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